In this paper, we generalize our results in [5] to triangulated surfaces in hyperbolic background geometry, which means that all triangles can be embedded in the standard hyperbolic space. We introduce a new discrete Gaussian curvature by dividing the classical discrete Gauss curvature by an area element, which could be taken as the area of the hyperbolic disk packed at each vertex. We prove that the corresponding discrete Ricci flow converges if and only if there exists a circle packing metric with zero curvature. We also prove that the flow converges if the initial curvatures are all negative. Note that, this result does not require the existence of zero curvature metric or Thurston's combinatorial-topological condition. We further generalize the definition of combinatorial curvature to any given area element and prove the equivalence between the existence of zero curvature metric and the convergence of the corresponding flow.
Introduction
Consider a compact surface X with a triangulation T = {V, E, F }, where the symbols V, E, F represent the set of vertices, edges and faces respectively. A positive function r : V → (0, +∞) defined on the vertices is called a circle packing metric and a function Φ : E → [0, π/2] is called a weight on the triangulation. Throughout this paper, a function defined on vertices is regarded as a column vector and N = V # is used to denote the number of vertices. Moreover, all vertices, marked by v 1 , ..., v N , are supposed to be ordered one by one and we often write i instead of v i . Thus we may think of circle packing metrics as points in R N >0 , N times of Cartesian product of (0, ∞). Given (X, T, Φ), every circle packing metric r determines a piecewise linear metric on X by attaching edge e ij a length l ij = r 2 i + r 2 j + 2r i r j cos(Φ ij ). This length structure makes each triangle in T isometric to a Euclidean triangle. Furthermore, the triangulated surface (X, T ) is composed of many Euclidean triangles glued coherently. This case is called Euclidean background geometry in [1] . If the length l ij of the edge is determined by the hyperbolic cosine law cosh l ij = cosh r i cosh r j + sinh r i sinh r j cos Φ ij , then each triangle in T is isometric to a hyperbolic triangle embedded in the standard hyperbolic space H 2 . In this case the triangulated surface (X, T ) is composed of many hyperbolic triangles glued coherently, which is called hyperbolic background geometry.
We use (X, T, Φ, H 2 ) to denote the space we want to study in the following, where X is a closed surface, T is a fixed triangulation of X, Φ is a fixed weight function defined on edges, and H 2 represents the hyperbolic background geometry. It was proved by Thurston [7] that, whenever {i, j, k} ∈ F , these three positive numbers l ij , l ik , l jk satisfy the triangle inequalities. Thus the combinatorial triangle {i, j, k} with lengths l ij , l ik , l jk forms a hyperbolic triangle in H 2 .
For the hyperbolic triangle △v i v j v k , the inner angle of this triangle at v i is denoted by θ jk i , and the classical combinatorial Gauss curvature K i at v i is defined to be
Notice that θ jk i can be calculated by hyperbolic cosine law, thus θ jk i and K i are elementary functions of the circle packing metric r.
Obviously, discrete Gaussian curvatures K is determined by circle packing metric r. Conversely, Thurston proved [7] that K-curvature map r → K is injective, which implies that the metric r is determined by its K-curvature. Among all circle packing metrics, a metric with all curvatures zero, which is unique if it exists, is of special interest. Zero curvature metric does not always exist. At first glance, the existence of zero curvature metric depends on the topological information of the surface. In fact, for the hyperbolic triangle △v i v j v k , we have θ
Using this formula, one get the combinatorial Gauss-Bonnet formula [ 
which implies, if there exists a circle packing metric with zero curvature, then χ(M ) must be negative. However, only topological constraint is not enough. In his work on constructing hyperbolic metrics on 3-manifolds, Thurston [7] discovered additional combinatorialtopological conditions which is equivalent to the existence of zero curvature metric. 4) which is called combinatorial Calabi flow in [2] . We proved that combinatorial Calabi flow converges if and only if zero curvature metric exists, assuming a uniform upper bound of metric r. The paper is organized as follows. In Section 2, we introduce a new definition of discrete Gauss curvature for triangulated surfaces in hyperbolic background geometry and the corresponding combinatorial Ricci flow. In Section 3, we prove that the existence of zero curvature metric is equivalent to the convergence of combinatorial Ricci flow we introduce in the paper, which provides another description of Thurston's existence of circle packing. In Section 4, we prove that the existence of metrics with nonpositive curvatures ensures the existence of zero curvature metric. In Section 5, we generalized the definition of combinatorial curvature to general area element and then prove that the existence of zero curvature metric in this sense is also equivalent to the convergence of the corresponding combinatorial curvature flow.
Definitions of discrete Gaussian curvature and Ricci flow
By the analysis in [5] , the classical combinatorial Gaussian curvature is not a good candidate for approximating the classical Gaussian curvature. Following the idea and the approach in [5] , we have the following definition of combinatorial Gaussian curvature. Definition 2.1. Givin (X, T, Φ, H 2 ) with circle packing metric r, the modified combinatorial Gaussian curvature at the vertex i is defined as
where K i is the classical combinatorial Gaussian curvature given by (1.1).
In fact, the denominator 4π sinh
2 is just the area of the hyperbolic disk with radius r packed at vertex i. To study the constant combinatorial curvature problem, we introduce a combinatorial Ricci flow which is an analogue of the smooth Ricci flow. Definition 2.2. Given (X, T, Φ, H 2 ) with circle packing metric r, the combinatorial Ricci flow is defined as
where g i = sinh
For the following application, we usually write the combinatorial Ricci flow (2.2) in the following form
3)
is a modification of the curvature R i and u i = ln tanh
2 is a coordinate transformation, which maps R N >0 homeomorphically onto R N <0 . The flow (2.2) is in fact an ODE system. Therefore, the solution always exists locally around the initial time t = 0 since all coefficients are smooth and then locally Lipschitz continuous. It's easy to get Proof. Suppose the solution r(t) → r * as t → +∞. Then we have g(t) → g * , which implies that there exists a sequence ξ n → +∞ such that
as n → +∞. As r(t) → r * , we have R(t) → R * . Thus R * g * = 0, which implies R * = 0 and r * is a metric with zero curvature.
Obviously, the K-curvature, the R-curvature and the R-curvature are different. However, a metric has zero K-curvature if and only if it has zero R-curvature, if and only if it has zero R-curvature. Thus in the following we needn't distinguish them and just call them "zero curvature metric" for short.
To study the long time behaviors of combinatorial Ricci flow (2.2), we shall use two different ways in the following subsections.
Convergence of Ricci flow when zero curvature metric exists
In this subsection, we shall study carefully the relationship between the existence of zero curvature metric and the long time behavior of the combinatorial Ricci flow. We also derive some convergence results under the assumption of existence of a zero curvature metric, which is necessary for the convergence of flow (2.2) by Proposition 2.3. The main tools used here are standard in ODE theory.
The following two Lemmas are useful.
with circle packing metric r. u is the coordinate transformation of r with u i = ln tanh
is positive definite, where A is a positive diagonal matrix and L B is positive semi-definite with rank N − 1 and kernel t(1, · · · , 1) T and could be written as
with B ij > 0. Proof. This result has been stated in [1] , here we give a proof just for completeness. We will prove that θ jk i → 0 uniformly as r i → +∞. By the hyperbolic cosine law, we have cos θ
where
we have λ → 0 uniformly as r i → +∞. So we just need to prove that µ → 0 uniformly as r i → +∞. Note that cosh l jk ≤ cosh r j cosh r k + sinh r j sinh r k = cosh(r j + r k ),
we just need to prove that l ij + l ik − (r j + r k ) → +∞ uniformly as r i → +∞. Note that
Similarly, we have
Then we have 
Then Hess(F ) = L is positive definite. We had proved that F (u) ≥ F (u * ) = 0 and u * is the unique minimum point and zero point of F . Moreover, lim
So F is decreasing along the flow. Using lim u →+∞ F (u) = +∞, we know {u(t)} is bounded in R N <0 , i.e. there exists c > 0, such that u i (t) ≥ −c for any i ∈ V and t ∈ [0, +∞). Therefore r i (t) ≥ δ > 0 for any i ∈ V and t ∈ [0, +∞), where δ = ln 2 t for each i ∈ V , which implies that the solution r(t) exists for all time t ∈ [0, +∞).
We claim that r(t) is uniformly bounded above. If not, then there exists at least one vertex i ∈ V , such that lim t→+∞ r i (t) = +∞. For vertex i, using Lemma 3.2, we can choose l > 0 large enough so that, whenever r i > l, the inner angle θ , and −K i ≤ −π when a ≤ t ≤ t 0 , then r ′ i (t) < 0 and hence r i (t) ≤ r i (a) = l, which contradicts r i (t 0 ) > l.
The arguments above show that {r(t)|t ∈ [0, +∞)} is compactly contained in R N >0 . We show there exists a sequence ξ n ↑ +∞, such that r(ξ n ) → r * . In fact, F (u(+∞)) exists. Furthermore, there exists a sequence ξ n → +∞ such that
Since {r(t)} ⊂⊂ R N >0 , r(ξ n ) have a convergent subsequence which is still denoted as r(ξ n ) with r(ξ n ) → r * . Then we get R(r * ) = 0, and hence K(r * ) = 0 and R(r * ) = 0. By Thurston's injective property of K-curvature map, r * is the unique zero curvature metric.
By calculating the differential of the right hand of (2.3) at u * , we get
, D| u * (− R) has N negative eigenvalues, which implies that u * is a local attractor of (2.3). Combining this with the fact that u(ξ n ) converges to u * , we get u(t) → u * for any initial metric u(0) with exponential convergence rate by ODE theory.
Convergence with nonpositive initial curvature metrics
In the last subsection we proved combinatorial Ricci flow converges exponentially fast to zero curvature metric if there exists a zero curvature metric. It's interesting that we can get a convergence result without the assumption of the existence of zero curvature metric. The main tool used in this subsection is a discrete version of maximum principle first developed by the authors in [5] .
We first derive the evolution of modified curvature R i along the combinatorial Ricci flow.
Lemma 4.1. Along the combinatorial Ricci flow (2.2), the modified combinatorial curvature R i evolves according to
Proof. First note that u i = ln tanh
.
Then we have
which implies that
To get the estimation of curvature R i , we can use the following discrete version of maximal principle introduced in [5] .
where ∆f i = j∼i a ij (f j − f i ) with a ij > 0 and Φ i : R → R is a local Lipschitz function. Suppose there exists C 1 ∈ R such that f i (0) ≥ C 1 for all i ∈ V . Let ϕ be the solution to the associated ODE
Suppose there exists C 2 ∈ R such that f i (0) ≤ C 2 for all i ∈ V . Let ψ be the solution to the associated ODE
Using the Maximum principle, we have the following corollary.
Proof. As R i and R i always have the same sign, we just need to prove the corollary for R i . As L = A + L B by Lemma 3.1, we can rewrite the evolution equation for R as
Applying the maximum principle gives the proof of the corollary. Proof. The condition {r(t)} ⊂⊂ R N >0 implies the long time existence of the combinatorial Ricci flow. Consider the modified potential
where u 0 is an arbitrary fixed point in R N <0 . Then along the Ricci flow (2.2), we have
So G is decreasing along the flow (2.2). Generally, G is not bounded from below. However, G(u(t)) is bounded since {u(t)|t ∈ [0, +∞)} is compact. Hence G(u(+∞)) exists. Then there exists a sequence ξ n → +∞ such that
As r i (t) is bounded from above and away from zero, we have R i (ξ n ) → 0. Up to a subsequence, we can suppose that r(ξ n ) → r * which has zero curvature. We can finish the proof by showing that D| u * (− R) = − 1 2π LΣ −1 has N negative eigenvalues and hence u * is a local attractor of flow (2.3) or by using the conclusion of Theorem 3.3 directly.
Combinatorial Ricci flow for general "area element"
For arbitrary N positive functions A i : R N >0 → (0, +∞), r → A i (r), we may take A i as the most general form of "area element" at vertex i, where 1 ≤ i ≤ N . We shall study combinatorial Gaussian curvature and combinatorial Ricci flow for this generalized "area element" A i in the following. Definition 5.1. (A-curvature) The modified combinatorial Gaussian curvature with respect to area element A i is defined as
In the following we call it A-curvature for short.
Obviously, a metric with zero A-curvature is exactly a metric with zero K-curvature. Thus by [7, 1] , the zero A-curvature metric is unique if it exists. Inspired by the form (2.3) of combinatorial Ricci flow, we introduce the following A-flow to study A-curvature. 2 . In the following we call it A-curvature flow or A-flow for short. .2) converges, then it converges exponentially fast to the zero curvature metric.
Proof. For the "only if" part, the proof is the same as that of Proposition 2.3. For the "if" part, the methods is the same as in the proof of Theorem 3.3. We only list some differences here. In the proof of Theorem 3.3, we first proved that all r i (t) are uniformly bounded below by a positive constant. This procedure can be used here again to get a uniform lower bound of r(t) as A i is always positive.
Suppose T is the maximal existing time of r(t) with 0 < T ≤ +∞. We claim that r i (t) is uniformly bounded above for all i ∈ V and t ∈ [0, T ). If not, there exists i ∈ V and t n ↑ T , such that r i (t n ) ↑ +∞. Choose the same l as in the proof of Theorem 3.3 and a n 0 such that r i (t n 0 ) > l. Still denote a = inf{t < t n 0 |r i (t) > l}, then r i (a) = l. Note that A-flow satisfies r ′ i (t) = −K i sinh r i /A i < 0, then r i (t) ≤ r i (a) = l, which contradicts r i (t n 0 ) > l. Thus r i (t) is uniformly bounded above for all i and t, which implies that T = +∞ and {r(t)|t ∈ [0, +∞)} ⊂⊂ R N >0 . We can finish the proof by using Lemma 4.5, which is still valid when we substitute sinh r 2 i by A i .
